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Introduction

Usually we call a function ’special’ when the function belongs to the toolbox of the

applied mathematician, the physicist or the engineer. They have a particular notation and

a number of properties. Mathematically, special functions are functions defined on < or

C and they possess not only series representations, but also integral representations.

This thesis is mainly concerned with the development of special functions such as Mittag-

Leffler function and Fox’s H-function. Both these functions play significant role in statistical

modeling. So the concept of Pochhammer notation, Mellin-Barnes integrals, convergence

and residue calculus are essential for the detailed study of these functions. Recently the

attention of mathematicians towards these functions has increased from both the analytical

and numerical point of view due to their relation with the fractional calculus.

Thus the thesis also relies on various fractional differential equations such as fractional

Poisson equation, fractional Laplace equation, fractional kinetic equation or the anoma-

lous relaxation equation and it develops a master equation namely the fractional Helmholtz

equation. Now a days special functions play an important role in the emerging field of graph

theory, namely the graph dynamics in social networking and electronic banking [Flomen-

bom and Klafter (2005), Beghin and Orsingher (2009) and Roberto et al. (2011) ].
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Review of Literature

Charles’s Fox in 1961 extensively studied a certain Mellin-Barnes integral, what was

available in the literature from the nineteenth century [ Pincherle (1888), Mellin (1910),

Barnes (1908) ], and hence this Mellin-Barnes integral is now known as Fox’s H-function

or simply the H-function. This function includes among others the recently found special

functions by Boersma (1962), Wright (1934), Krätzel (1979), Mittag-Leffler function and

its generalizations by Dzherbashyan (1960), Kiryakova (2000) and Prabhakar (1971), and

the Meijer G-function (1946). The works of Caputo (1969), Glöckle and Nonnenmacher

(1993), Mainardi et al. (2001), Metzler and Klafter (2000), Podlubny (1999), Saichev and

Zaslavasky (1997), Mathai et al. (2010), Scheider and Wyss (1989) show that it has a

wider, deeper and useful application in various problems in applied sciences such as fluid

flow, rheology, diffusion in porous media, kinematics in viscoelastic media, relaxation and

diffusion processes in complex media, propagation of seismic waves, anomalous diffusion

and turbulence. For the existence conditions, properties and its applications, we refer to

Mathai et al. (2010).

The Mittag-Leffler function was defined and studied by the Swedish mathematician G. M.

Mittag-Leffler in 1903. It is a direct generalization of the exponential series. Later Wiman

(1905), Agarwal (1953) and Humbert and Agarwal (1953) generalized and studied the

properties of this function. Dzherbashyan (1966) has shown that both the functions are

entire in C of order ρ = 1
α

and type σ = 1. The basic properties of these functions are

given in Erdèlyi et al. (1955). A generalized form of Mittag-Leffler function was introduced

by Prabhakar (1971). Firstly in 1920 Hille and Tamarkin have presented a solution of

Abel-Volterra type integral equation in terms of Mittag-Leffler function. The other special

functions such as gamma function, generalized Wright function (Wright 1935), M -Wright
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function or Mainardi function ( Mainardi 2010) are also considered in this thesis.

Fractional calculus is the field of mathematical analysis which deals with the investigation

and application of integrals and derivatives of arbitrary order. It may be considered as an

old but novel topic. It is an old topic since, starting from the speculations of Liebnitz (1695)

and Euler (1738), it has been developed up to the current level. The mathematicians who

have provided important contributions up to the middle of the 20th century are Laplace

(1812), Fourier (1827), Abel (1823), Liouville (1832, 1837), Riemann (1876), Holmgren

(1865), Grünwald (1867), Letnikov (1868), Laurent (1884), Nekrassov (1888), Krug (1890),

Heaviside (1892), Pincherele (1888), Hardy and Littlewood (1926), Weyl (1917), Lévy

(1954), Marchaud (1927), Davis (1936), Zygmund (1945), Love (1967), Erdèlyi (1939),

Kober (1940), Riesz (1949), Feller (1952).

But it is a novel topic since only around 30 years ago it has become an object of spe-

cialized conferences and treatises. In June 1947, Ross organized ’The first conference

on Fractional Calculus and Its Application’ at the University of New Haven and edited the

proceedings in 1947. The first monograph was written by Oldham and Spanier (1974).

The texts in book form with title explicitly devoted to Fractional Calculus (and Its Appli-

cations) are Oldham & Spanier (1974),Mc Bride (1979), Samko et al. (1993), Nishimoto

(1991), Miller & Ross (1993), Kiryakova (1994), Rubin (1975), Podlubny (1999), Kilbas et

al. (2006). The author referred chapters in Mathai and Haubold (2008) and Mathai et al.

(2010) devoted to fractional calculus. Furthermore, the treatises by Davis (1936), Erdèlyi

(1965), Geĺfand & Shilov (1964), Dzherbashian (1993, 1996), Caputo (1969), Babenko

(1986), Gorenflo & Vassella (1991), Zaslavsky (2005) and Magin (2006) contain a de-

tailed analysis of some mathematical aspects and / or physical applications of fractional

calculus.
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Even though there are different approaches to fractional calculus, this thesis deals with

two types of approaches in the framework of Real Analysis: the continuous one, based on

the integral operators and the discrete one, based on infinite series of finite differences with

increment tending to zero. The fractional operators involved in this research work are Weyl

derivative, Caputo fractional derivative and Riesz-Feller fractional derivative.The discrete

fractional operators developed by Lin and Xu (2007) and Podlubny (2000) are also used in

this thesis. The discrete fractional differential operators can be used in edge detection for

image processing in computer-vision especially in nebular studies through graph theoretic

approach [ Ortigueira et al. (2003), Pu et al. (2008) and Sparavigna (2009) ].

Fractional differential equations involve fractional order derivatives like dα

dxα , α > 0.

Here α can be rational, irrational or even complex-valued. Like the ordinary differential

equation, the fractional differential equation also provides a mathematical model to the

perturbations and chaotic situations in dynamic systems. Most of the problems already

solved involve relaxation ( reaction ) and diffusion models in the complex or disordered

systems. Thus it gives rise to initial value problems involving partial differential equations

to fractional reaction, fractional diffusion and fractional reaction-diffusion equations. For

fractional kinetic equations, we refer to Hille and Tamarkin (1930), Glöckle and Nonnen-

macher (1991), Hilfer (2000), Saxena et al. (2002, 2004b).

In 1974, Oldham and Spanier considered a fractional diffusion equation that contains

first order derivative in space and half order derivative in time. Nigmatullin (1986), Fujita

(1990), Gorenflo and Mainardi (1997), Mathai and Haubold (2008) and Mathai et al. (2007,

2010) are some of the eminent researchers in this field. Wyss (1986), used Mellin trans-

form to obtain a closed form solution. We are motivated by the recent works of Saxena et

al. (2006, 2007), in which the most general form of the diffusion equation is solved with
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the aid of Laplace and Fourier transforms to obtain solutions in different special functions

such as Mittag-Leffler function, Fox’s H-function, Bessel functions etc. We have adopted

these methods to solve the fractional differential equations to obtain solutions in terms of

the Mittag-Leffler and Fox’s H-function. We have also provided solutions in non-markovian

chains that possesses close similarity with the Mittag-Leffler functions.

Summary of the Present Work

The present study has been undertaken with the following specific objectives:

1. To develop a master fractional differential equation to generate a solution in terms of

Mittag-Leffler function.

2. To deduce the solutions in terms of Mittag-Leffler functions to the fractional Poisson

and fractional Laplace equation from the solution of the master equation.

3. To develop closed form solutions in terms Fox’s H-function and M -Wright or Mainardy

function for the fractional Laplace equation.

4. To introduce a review of the recently developed branch of special functions namely

’the special functions of matrix argument’ .

5. To develop discrete solutions to the fractional kinetic or anomalous relaxation equa-

tion using finite difference method and matrix analogue method.

6. To make a comparision between the discrete solutions thus obtained and the ana-

lytical solution using Maple software.

7. To introduce the connection between the fractional calculus and the graph theory
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through signal processing methods and between the non-markovian solutions and

graph dynamics.

The present thesis is concerned with some special functions of scalar and matrix argu-

ment. It also builds continuous and discrete models of fractional order applicable in chaotic

situations of applied sciences.The thesis is organized into 4 chapters. Chapter 1 gives an

introduction to the topic of study as well as a brief review of literature along with summary

of the work done. Chapter 2 is based on the published works ’On Fractional Helmholtz

Equation’(Samuel and Anitha 2010a) in the leading Springer journal ’Fractional Calculus

& Applied Analysis’ and ’On a Master Equation’ (Anitha Thomas 2011a). In this chapter

we build a fractional model master equation namely fractional Helmholtz equation using

the Caputo derivative and Weyl derivative to obtain a solution in terms of the Mittag-Leffler

function of scalar argument under Cauchy conditions. To achieve the goal we use the tools

of the applied scientists namely Laplace and Fourier transforms and their convolution. We

also prove that the solution thus obtained is a master solution in terms of Mittag-Leffler

function to the fractional Laplace equation and the fractional Laplace equation of the same

kind. We also generalize the work using Riesz-Feller derivative so as to handle scattering

problems in sound wave transmissions.

In Chapter 3 we develop some special functions namely the Mittag-Leffler function,

Fox’s H-function and M -Wright or Mainardi function as the solution to the fractional Laplace

equation. We also obtained the series and integral representation of these solutions.

Scaling and similarity properties of the solution in terms of the Mittag-Leffler function are

checked using Fourier analysis. The development of an emerging area in special func-

tions, namely, the special functions of matrix argument, which may be seen from Mathai

and Haubold (2008) and Mathai et al. (2010) are also included in this chapter. These
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matrix-variate extensions will enable the researchers working in physics, chemistry, engi-

neering,mathematical statistics, econometrics and other areas to extend their theories to

the corresponding matrix-variate situations. Some parts of this chapter are taken from the

communicated paper named ’Some Special Functions and Fractional Laplace Equation.’

Chapter 4 is devoted to discrete approach to fractional differential equation. The major

part of this chapter is adopted from the paper ’A comparison between the exact solution

and the two numerical solutions to the anomalous relaxation or the fractional kinetic equa-

tion’ (Anitha Thomas 2010b). Here we formulate the anomalous relaxation equation or

the fractional kinetic equation and obtain its discrete solutions using the finite difference

and the matrix analogue scheme for the Caputo derivative. The graphs of the two discrete

solutions and the continuous solution in terms of the Mittag-Leffler function are plotted and

compared using Maple software. The connection between the discrete operators and the

graph theory is established through edge detection in chaotic situations like nebular stud-

ies while signal processing. Further we provide the scope of the non-markovian chains

obtained as solutions in the study of graph dynamics.

Thus the thesis not only deals with some special functions and fractional differential

equations but also connects the three tributaries of the mighty river Mathematics namely

the special functions, the fractional calculus and the graph theory. The results of the thesis

have been published/presented/communicated in the form of five research papers which

are listed below.

1. Samuel M. S. and Anitha Thomas (2010a). On Fractional Helmholtz Equation, Frac-

tional Calculus & Applied Analysis, Volume 13, Number 3(2010), 295-308.

2. Anitha Thomas (2011a). On a Fractional Master Equation, International Journal of

Diffrerntial Equations Volume 2011, Article ID 346298, 13 pages.
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Numerical Solutions to the Anomalous relaxation or the Fractional Kinetic Equation,

South East Asia Journal of Mathematics and Mathematical Sciences, Volume 9,

Number 3(2010), 71-84.

4. Anitha Thomas (2011b). On Fractional Time-independent Form of the Wave Equa-

tion or Diffusion Equation, Proceedings of the International Conference on Mathe-

matical Sciences, St. Thomas College, Pala, Kerala, India, 3-5 January 2011.

5. Anitha Thomas (2011c). Some Special Functions and Fractional Laplace Equation.

(Communicated to Indian Journal of Mathematics).
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