
A STUDY ON THE INVERTIBILITY OF

FUZZY TOPOLOGICAL SPACES AND RELATED TOPICS

SYNOPSIS

Ever since the introduction of the concept in 1961 by Doyle and Hock-ing, 

many contributions have been done towards the development of invertible spaces. 

The pioneering authors themselves continued the investigation of in-vertibility and 

came up with the concept of continuously invertible spaces in 1962. W. J. Gray has 

proved that if an invertible space possesses a nonempty open subspace which is 

metrizable, then the space is metrizable. The effect of invertibility on separation 

axioms, investigated by Doyle and Hocking, has been further explored by Norman 

Levine obtaining some local properties which are necessarily global in invertible 

spaces.  Simultaneously,  Y.  M.  Wong  undertook  a  detailed  study  on  invertible 

spaces  and  improved  certain  already  established  results  by  weakening  the 

conditions and has obtained simpler proofs. In 1964, J. Umen exhibited some of the 

properties of orbits in invertible spaces. 

S. A. Naimpally conducted a quick glimpse on the function spaces of invert-ible 

spaces in 1966. The concept of generalized invertible spaces was introduced and 

studied by D. X. Hong. Later,  D. Ryeburn defined invertibility  analogously for 

uniform spaces  and  showed  that  the  whole  space  possesses  certain  proper-ties 

holding  for  subspaces.  Hildebrand  and  Poe  examined  separation  axioms  for 

invertible spaces in 1968. The concept of semi-invertible spaces was introduced by 

Crossley and Hildebrand in 1975. Invertibility in infinite dimensional spaces was 

thoroughly investigated by Tseng and Wong in 2000.

In 2006, S. C. Mathew extended the concept of invertibility to fuzzy topolog-

ical spaces and examined the basic nature of such spaces. In 2007, Seenivasan and 



Balasubramanian discussed some properties of invertible fuzzy topological spaces. 

Considering  the  effect  of  invertibility  on fuzzy topological  properties,  we have 

undertaken a study on invertible fuzzy topological spaces in detail in the thesis.

The thesis consists of seven chapters besides an introduction.

Chapter 1 includes certain definitions and known results needed for the 

subsequent development of the study.

Chapter  2  classifies  certain  fuzzy  topological  spaces  based  on  homeomor-

phisms  introducing  the  concept  of  N-fuzzy  topological  spaces,  strongly  homo-

geneous fuzzy topological spaces, H-fuzzy topological spaces, complete H-fuzzy 

topological  spaces  and  H-fuzzy  topological  spaces  of  degree  n  .  Besides  the 

relationship  between  them,  their  connection  with  homogeneous  and  completely 

homogeneous  fuzzy topological  spaces  have  also  been  investigated.  Finally  we 

have  investigated  the  sums,  subspaces  and  simple  extensions  of  these  fuzzy 

topological spaces.

Chapter 3 concentrates on the basic nature of invertible as well as com-pletely 

invertible fuzzy topological spaces. The role of fuzzy points on the in-vertibility of 

a  fuzzy topological  space is  examined.  Apart  from certain  classes  of  invertible 

fuzzy topological  spaces,  conditions  for the invertibility  of some other types of 

fuzzy topological spaces are also obtained. In addition, situations under which a 

given fuzzy set is not an inverting fuzzy set are explored. It is observed that every 

fuzzy  topological  space  can  be  embedded  into  an  invertible  fuzzy  topological 

space. Further, characterizations and basic properties of completely invertible fuzzy 

topological spaces are derived. Again, the relationship between homogeneity and 

invertibility is established. This includes sufficient conditions for  the  invertibility 

of  a  homogeneous  fuzzy  topological  space.   Further,  the homogeneity of the 

inverting  set  as  a  subspace  guarantees  the  homogeneity  of  the  parent  fuzzy 



topological space. In general, a completely invertible fuzzy topological space need 

not be homogeneous and a strongly homogeneous fuzzy topological space need not 

even be invertible. Finally the orbits in an invertible fuzzy topological space are 

studied  and  characterized.  It  is  noted  that  in  a  com-pletely  invertible  fuzzy 

topological space, the orbits are always dense. On the other hand if a completely 

invertible fuzzy topological space is not homogeneous then the orbits are neither 

open nor closed. Further, in a completely invertible fuzzy topological space, if any 

orbit as a subspace is non-trivial,  then it is com-pletely invertible. Consequently 

every  completely  invertible  fuzzy  topological  space  is  the  disjoint  union  of 

homogeneous dense subspaces in which every non-trivial subspace is completely 

invertible.

If a fuzzy topological space (X, F ) is invertible, then there exists an invert-ing 

fuzzy set g and an inverting map è of (X, F ). This g and è together are called an 

inverting  pair  of  (X,  F  ).  Chapter  4 closely  examines  the  structure  of  these 

inverting pairs and observe that whenever è is an inverting map so is è−1. Further 

it is noted that if (g, è) is an inverting pair then è(g) = è−1(g) whenever g and è(g) 

are not quasi-coincident. Also if (g, e) is an inverting pair where e is the identity 

map then the condition 12 ≤ g gives a clear picture about the structure of g. Based 

on  the  inverting  maps,  two  types  of  invertible  fuzzy  topological  spaces  are 

introduced and their characterizing properties are derived. In the case of completely 

invertible  fuzzy  topological  spaces,  this  clas-sification  actually  produces  some 

significant results. Further the collection of all completely invertible finite fuzzy 

topological spaces are classified into two.

Chapter  5  investigates  mainly  the  effect  of  invertibility  on  certain  fuzzy 

topological properties. Exploring the relation between invertibility and sepa-ration 

axioms it  is  proved that  weakly  quasi  separated,  quasi  separated  and separated 



properties of certain subspaces can be transferred to the parent fuzzy topological 

space with the help of invertibility. If the inverting set as a subspace satisfies fuzzy 

T0, fuzzy T1, fuzzy T2 properties, then it is proved that the respec-tive invertible 

or completely invertible fuzzy topological space also do satisfy the corresponding 

properties. Regularity or normality of a subspace determined by a crisp open fuzzy 

subset accounts for the same property of a completely invert-ible fuzzy topological 

space. Further, the effect of invertibility on the axioms of countability is examined 

and certain sufficient conditions for an invertible fuzzy topological space to satisfy 

the first and second axioms of countability are obtained. If the inverting set as a 

subspace  is  separable,  then  the  parent  space  is  also  separable.  The  role  of 

invertibility on compactness and connectedness of a fuzzy topological space is also 

explored. It is proved that a type 2 completely invertible fuzzy topological space is 

strongly compact. Also the compactness, á-compactness and á∗-compactness of an 

invertible subspace are carried over to the parent fuzzy topological space. Further, 

in a completely invertible strongly compact fuzzy topological space, every open 

fuzzy set contains a compact fuzzy  subset. Interestingly,  a completely invertible 

fuzzy topological space containing an open fuzzy connected subset has at most two 

components.

Chapter 6 studies sums, subspaces and simple extensions of different types of 

invertible fuzzy topological spaces and examine whether they remain in the same 

type or not. Even though complete invertibility is not additive, invertibil-ity is an 

additive property. It is also proved that being type 1 and type 2 are not hereditary 

properties. While a type 1 invertible fuzzy topological space remains type 1 under 

simple extensions, type 2 looses that nature under simple exten-sions. But, type 2 

nature of a completely invertible fuzzy topological space is retained with simple 

extensions. A related problem is to investigate the invert-ibility of the associated 

spaces  and  exploration  in  that  direction  also  produces  some  significant  results. 



Invertibility of the quotient spaces of an invertible fuzzy topological space is also 

examined. A thorough investigation on the invertibility of the product space of a 

family of invertible fuzzy topological spaces has been carried out focusing different 

types of invertible fuzzy topological spaces.

Chapter  7  extends  the  concept  of  invertibility  to L-topological  spaces  and 

examines the validity and relevance of results in the previous chapters in a bigger 

canvas.
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