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Introduction 

The distribution theory for ordered random variables has been widely used in practice in 

many situations. Several special distribution theories are available to address the problems 

where the random sample from some probability distribution can be arranged under certain 

conditions. Prominent among these ordered random variables are order statistics and record 

values.  

            Consider ‘n’ random variables 1,..., nX X . Without loss of generality we assume that 

all of them are defined on the same probability space (Ω, ࣛ, P). The corresponding order 

statistics are the iX ’s arranged in non decreasing order. The smallest of the iX ’s is denoted 

by 1:nX , the second smallest is denoted by 2:nX  ,…, and, finally, the largest is denoted by  

:n nX . Thus 1: 2: :...n n n nX X X    are the order statistics. Order statistics have applications in 

acceptance sampling, digital image processing, filtering and smoothing of time series data, 

estimating parameters of skewed distributions that often serve as models in survival analysis, 

Bayesian analysis etc. 

            A direct extension of univariate order statistics to the multivariate case is impossible. 

The lack of any obvious and unambiguous means of fully ordering observations in a 

multivariate sample appears as an obstacle to the development of statistical methods by 

extending the general properties of univariate order statistics to the multivariate sample. This 
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prompted David (1973) to introduce concomitants of order statistics as follows. 

Let 1 1( , )X Y , 2 2( , )X Y ,…, ( , )n nX Y  be a random sample of size n from a continuous bivariate 

population (X,Y) with cumulative distribution function (cdf) , ( , )X YF x y .If we order the 

sample by the X-variate and obtain the order statistics 1: 2: :...n n n nX X X   ,then the           

Y-values paired  with these order statistics are denoted by [1: ] [2: ] [ : ], ,...,n n n nY Y Y   and are termed 

as concomitants of order statistics. The concept of concomitants of order statistics was also 

discussed by Bhattacharya (1974) but under the name of induced order statistics. 

           Record values appear in a natural way in real life, for example records in sports and 

records related to natural phenomena. In his pioneering paper, Chandler (1952) defined 

records and laid the groundwork for a mathematical study of records. Let 1 2, ,...X X , be an 

infinite sequence of independently and identically distributed random variables having the 

same absolutely continuous distribution function F(x). The random variable jX is called an 

upper record (or simply a record) if its value exceeds that of all previous observations. Thus 

jX is a record if jX  > iX  for all i = 1, 2,… j-1. An analogous definition deals with lower 

record values.  

            Houchens (1984) introduced concomitants of record values. Let  1 1,X Y ,  2 2,X Y ,… 

be a sequence of independent and identically distributed random variables with cdf 

( , )F x y ,  ,x y R R  .Let ( )XF x  and ( )YF y  be the marginal cdf’s of X and Y respectively. 

Let , 1nR n   be the sequence of record values of the X’s.   Then the value of the Y -variate 

associated with the thn  record value of X  is called the concomitant of the thn  record denoted 

by [ ]nR . As a practical situation where we can observe record concomitants, consider an 

experiment where individuals are measured based on an inexpensive test and only those 
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individuals whose measurement breaks the previous records are retained for the measurement 

based on an expensive test; then the resulting data involves concomitants of record values.                     

For a detailed discussion on the distribution theory of concomitants of record values one may 

refer Ahsanullah(1994), Arnold et al. (1998) and Ahsanullah and Nevzorov (2000). 

            As discussed in the beginning, the entry of concomitants of order statistics in the data 

generating process happens when we deal with two or higher dimensional data. When the 

data generating processes are governed by random mechanism, appropriate probability 

distributions are to be identified to model the data. When two variables are involved in the 

data generating process bivariate distributions enter the scene. Cambanis family discussed in 

Cambanis (1977) and Generalized Morgenstern family of distributions discussed in Veena 

and Thomas (2008) provide two flexible bivariate models that can be used in this context 

where the prior information regarding the data are in the form of marginal distributions. 

           The study of copulas and their applications in statistics is a rather modern 

phenomenon. From one point of view copulas are functions that join or couple multivariate 

distribution functions to their one dimensional distribution functions. Alternatively copulas 

are multivariate distribution functions whose one dimensional margins are uniform on the 

interval (0, 1).A two-dimensional copula or briefly a copula is a function C:    20,1 0,1  

such that  1 2( , ) ( ), ( )F x y C F x F y . Precisely, a copula provides a uniform representation of 

a bivariate distribution function on the unit square. Copulas are of interest to statisticians for 

two main reasons: Firstly as a way of studying scale-free measures of dependence; and 

secondly, as a starting point for constructing families of bivariate distributions, sometimes 

with a view to simulation (Nelson, 2006). 

            In the present study, the distribution theory of concomitants of order statistics from 

bivariate  generalised Morgenstern family and bivariate Cambanis  family are explored. 
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Distribution theory of record concomitants from bivariate Cambanis family is investigated. 

The concept of second order concomitants is introduced and the distribution theory of the 

same from bivariate Morgenstern family is discussed. We illustrate an inference problem and 

a selection procedure based on second order concomitants. By invoking Kendall’s tau and 

Spearman’s rho both of which are scale- invariant measures of dependence, an attempt is 

made to introduce copulas in the study of dependence between two random variables from 

the generalized bivariate Morgenstern family and bivariate Cambanis family.  Copulas are 

also employed to obtain condition for total positive dependence of order two ( 2TP ) for the 

bivariate Cambanis family. 

Review of literature 

Developments of order statistics through the early 1960’s were described in the volume 

edited by Sarhan and Greenberg (1962a).A comprehensive survey of order statistics can be 

found in David (1981). Interesting related studies are described in Harter (1970), Galambos 

(1978), Barnett and Lewis (1984), Castillo (1988), and Balakrishnan and Cohen (1991). 

Books by Ahsanullah (1995), Nevzorov, and Balakrishnan (1998) and Arnold et al. (1998) 

provide an elaborate discussion of records.  

            David (1973) introduced the finite sampling theory of concomitants of order statistics. 

Some generalizations of the above definition of concomitants of order statistics have been 

proposed by Barnett (1976). An interesting further generalization is due to Egorov and 

Nevzorov (1984), Reiss (1989) and Kaufmann and Reiss (1992). 

            There is extensive literature available on the application of concomitants of order 

statistics such as in biological selection problem (Yeo and David, 1984), inference problems 

(Scaria and Nair, 1999, 2005, 2008), Nair and Scaria (2010), Do and Hall (1992), ocean 
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engineering (Castillo, 1988),  prediction analysis (Gross, 1973) and double sampling plans 

(O’connell and David, 1976). Yeo and David (1984) discuss the problem of selecting the best 

k objects out of n when, instead of measurements iY  of primary interest, only associated 

measurements iX  (i=1, 2,…, n) are available. Nagaraja and David (1994) have discussed the 

distribution theory of an important statistic ,k nV = max [ 1: ] [ : ],...,n k n n nY Y  for selection 

problem. For a comprehensive review of the applications of concomitants of order statistics 

we refer to David and Nagaraja (1998) and David and Nagaraja (2003). 

            Cost-effective sampling methods are of major concern in statistics, especially when 

measuring the characteristic of interest is costly or time consuming. McIntyre (1952) 

introduced ranked set sampling (RSS) as a remedy to this problem. Concomitants of order 

statistics have applications in ranked-set sampling. The procedure of RSS conceived by 

McIntyre can be described as follows.  A set of k items is drawn from the population, and we 

rank the items by measurement of some auxiliary variable X which is easy to measure. The 

item ranked the smallest is measured for the variable of our interest Y. Then another set of k 

items is drawn and ranked, and only the item ranked the second smallest is quantified. The 

procedure replicates until the item ranked the largest in the thk set is quantified. This 

completes a cycle of the sampling. The cycle is then repeated ‘m’ times. The Y-value 

obtained in the thi set is actually the concomitant associated with thi  X order statistic. A 

comprehensive review of ranked set sampling can be found in Wolfe (2004) and Chen et al. 

(2004).   

           The finite sample distribution theory of concomitants of order statistics has been 

investigated by several authors like David (1973), David et al. (1977), Yang (1977) 

Bhattacharya (1984), Balasubramanian and Beg (1998). The asymptotic distribution of 
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concomitants in the simple linear model is discussed in David and Galambos (1974). A more 

general case is discussed in Yang (1977). Eryilmaz (2005) considered concomitants of order 

statistics for the situation in which the random vectors are independent but otherwise 

arbitrarily distributed. 

           Veena and Thomas (2008) and Thomas and Veena (2011) considered a family of 

bivariate distributions which forms a generalization of the Morgenstern family of bivariate 

distributions and characterize the general family of distributions by properties of 

concomitants of order statistics. 

            Abo-Eleneen and Nagaraja (2002) investigated some properties of Fisher information 

in an order statistic and its concomitant. Tahmasebi and Behboodian (2012) explored the 

Shannon information properties for concomitants of order statistics in Farlie-Gumbel-

Morgenstern (FGM) family. They derived an analytical expression for Shannon entropy for 

concomitants of order statistics in FGM family. 

            Chacko and Mary (2013) derived the marginal and joint distributions of concomitants 

of k-record values for the Morgenstern family of distributions and obtained the moments and 

product moments of concomitants of k-record values. Using these results they have derived 

the best linear unbiased estimators of some parameters involved in Morgenstern type 

bivariate logistic distribution.  

            Balakrishnan et.al (2014) considered a five-dimensional normal distribution and 

derived the exact joint distribution of one variable, linear combinations of order statistics 

from two other variables, and linear combinations of the corresponding concomitants of these 

order statistics. They showed that this joint distribution is a mixture of trivariate unified 

skew-normal distributions. This mixture representation enables them to predict one variable 
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based on linear combinations of order statistics from two other variables and linear 

combinations of the corresponding concomitants.  

Objectives of the present work 

Extending the concept of concomitants of order statistics to higher order and investigating the 

distribution theory of concomitants of order statistics from generalized bivariate Morgenstern 

family and bivariate Cambanis family were the primary objectives of this research work. The 

prospect of employing the modern concept of copulas in the study of dependence between 

two concomitants of order statistics was also an objective. To realize this, existing theories 

available in the literature were examined. Based on the information obtained from the 

literature an attempt was made to address the above problems. The main objectives of the 

present research work are as follows: 

 To study the distribution theory of concomitants of order statistics from bivariate 

generalized Morgenstern family and to provide quick estimators of the parameters of 

an expensive marginal variable. 

 To study the distribution theory of concomitants of order statistics from bivariate 

Cambanis family. 

 To study the distribution theory of record concomitants of from bivariate Cambanis 

family. 

 To introduce the concept of second order concomitants and to study the distribution  

            theory of second order concomitants from Morgenstern family. 

 To apply the theory of second order concomitants for the estimation of parameter of 

an expensive variable from Morgenstern family and for a selection problem. 

 To study the dependence between two random variables from the generalized 

bivariate Morgenstern family and bivariate Cambanis family using copulas. 
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Summary of the work 

The thesis explores the distribution theory of concomitants of order statistics from bivariate 

generalized Morgenstern and bivariate Cambanis families. We also extend the concept of 

concomitants of order statistics to higher order. Chapter 1 focuses attention on brief 

description of the basic distribution theory and a quick review of the existing literature. 

            In chapter 2 we discuss the distribution theory of concomitants from the generalized 

Morgenstern family which is represented by the cdf, 

   , ( , ) ( ) ( ) ( )[1 ( )] ( )[1 ( )]m p
X Y X Y X X Y YF x y F x F y F x F x F y F y    , 

The constants m  and p  involved in are real numbers 1 ,   is a real constant constrained to 

lie in an interval about zero. This chapter is based on Scaria and Thomas (2008). Copulas are 

used to obtain expressions for Kendall’s tau and Spearman’s rho for this family. In this 

chapter we obtain the mean, variance and higher moments of the thr  concomitant from this 

family. We specialize these results to an important member of this family, viz, bivariate 

uniform distribution. We also provide a quick estimator for the parameter of the uniform 

distribution 

            A bivariate Cambanis system is represented by 

, 1 2 3( , ) ( ) ( )[1 {1 ( )} {1 ( )} {1 ( )}{1 ( )}]X Y X Y X Y X YF x y F x F y F x F y F x F y           

  where    the parameters  1 , 2 , 3  satisfy the conditions   

                                 1 2 31 0                                     1 2 31 0       

                                 1 2 31 0                                     1 2 31 0             

 

(Balasubramanian and Balkrishnan(1995). 
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Marginal distributions of X and Y will be respectively  

1( ) ( )[1 {1 ( )}]X X XG x F x F x    

                                                 2( ) ( )[1 {1 ( )}]Y Y YG y F y F y    

 Chapter 3 deals with the distribution theory of concomitants from the bivariate Cambanis 

family. First we discuss the distribution theory concomitants from bivariate  Cambanis family 

with special choice of 1 0  . We specialize these results to two members of the family, viz, 

bivariate exponential and bivariate two sided power (TSP) distribution. We also discuss the 

distribution theory concomitants of order statistics from the general bivariate Cambanis 

family and specialize these results to general Cambanis type bivariate Pareto distribution. 

Copulas are introduced to obtain expressions for Kendall’s tau, Spearman’s rho and condition 

for total positive dependence of order two ( 2TP ) for this family. These studies are published 

in Thomas and Scaria (2011), Thomas and Scaria (2012b) and Scaria and Thomas (2014a). 

.        Chapter 4 is concerned with the distribution theory of record concomitants from 

bivariate Cambanis family. First we discuss the distribution theory of record concomitants 

from bivariate  Cambanis family with special choice of 1 0  and specialize these results to 

two important members of the family namely, bivariate uniform and bivariate gamma 

distributions. Using copulas various dependence measures of concomitants of records from 

bivariate Cambanis family is discussed. We also discuss the distribution theory of record 

concomitants from general bivariate Cambanis family. We specialize these results to an 

important member of the family namely bivariate exponential distribution. These works are 

appeared in Scaria and Thomas (2010) and Thomas and Scaria (2012a). 
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      Motivated from ranked set sampling we introduce the concept of second order 

concomitants of order statistics. Let there be two correlated variables X and Y, where X is 

easy to measure and Y is hard or expensive to measure. Consider a bivariate sample of size   

n = mk, where k is an integer. Randomly subdivide the sample in to k subsamples each of 

size ‘m’. Let [ : ]r m iY  and [ : ]s m iY  be the concomitants of the order statistics :r mX  and :s mX  

respectively in the thi  sample (i =1, 2,…, k). The pair of random variables [ : ] [ : ]( , )r m i s m iY Y  has 

the same joint distribution as that of [ : ] [ : ]( , )r m s mY Y , for i = 1, 2,.., k. We take 

measurements [ : ]r m iY , i =1, 2,…, k in the thi  subsample. If we arrange the [ : ]r mY  observations in 

the ascending order, [ : ]; :r m p kY will be the thp order statistic of the concomitant [ : ]r mY .Then [ : ]s mY  

variate associated with [ : ]; :r m p kY is the concomitant of [ : ]; :r m p kY .We define this concomitant as 

the thp second order concomitant of :r mX  and is denoted by ( , : );[ : ]r s m p kY . Evidently ( , : );[ : ]r s m p kY  is 

the thp  first order concomitant of [ : ]; :r m p kY and thp second order concomitant of :r mX .Chapter 5 

is devoted to the distribution theory of median second order concomitants 1, : ;[ : ]
2

m s m k k
Y  
 
 

 from 

the Morgenstern family. In this chapter we discuss an estimation procedure in the estimation 

of the parameter 2  of one of the marginal variables Y in the Morgenstern type bivariate 

uniform distribution. As another application of second order concomitants we also discuss a 

selection procedure. These works are published in Scaria and Thomas (2014b). 
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